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ABSTRACT 

A method f o r  modelling switching-converter 
power s t a g e s  is  developed, whose s t a r t i n g  po in t  
is  the u n i f i e d  s ta te - space  r e p r e s e n t a t i o n  of t h e  
switched networks and whose end r e s u l t  i s  e i t h e r  a 
complete s tate-space d e s c r i p t i o n  o r  i t s  equiva len t  
small-signal low-frequency l i n e a r  c i r c u i t  model. 

A new canonica l  c i r c u i t  model is  proposed, 
whose f ixed topology conta ins  a l l  t h e  e s s e n t i a l  
input-output  and c o n t r o l  p r o p e r t i e s  of any dc-to- 
dc switching conver te r ,  r e g a r d l e s s  of i t s  d e t a i l e d  
conf igura t ion ,  and by which d i f f e r e n t  conver te r s  
can be charac te r ized  i n  t h e  form of a t a b l e  con- 
ven ien t ly  s t o r e d  i n  a computer d a t a  bank t o  pro- 
v i d e  a u s e f u l  t o o l  f o r  computer a ided design and 
opt imizat ion.  The new canonical  c i r c u i t  model 
p r e d i c t s  t h a t ,  i n  genera1,switching a c t i o n  i n t r o -  
duces both zeros  and p o l e s  i n t o  t h e  duty r a t i o  t o  
output  t r a n s f e r  func t ion  i n  add i t ion  t o  those  from 
the  e f f e c t i v e  f i l t e r  network. 

1. INTRODUCTION 

1.1 Brief  Review of Exis t ing  Modelling Techniques 

I n  modelling of switching conver te r s  i n  
genera l ,  and power s t a g e s  i n  p a r t i c u l a r ,  two 
main approaches - one based on s ta te - space  
modelling and t h e  o t h e r  us ing  an averaging 
technique - have been developed ex tens ive ly ,  
but t h e r e  has been l i t t l e  c o r r e l a t i o n  between 
them. The f i r s t  approach remains s t r i c t l y  i n  
t h e  domain of equa t ion  manipulat ions,  and 
hence r e l i e s  heav i ly  on numerical methods and 
computerized Implementationa. Its primary 
advantage is  i n  t h e  u n i f i e d  d e s c r i p t i o n  of a l l  
Pover s t a g e s  r e g a r d l e s s  of t h e  type (buck. boost .  
buck-boost o r  any o t h e r  v a r i a t i o n )  through 
u t i l i z a t i o n  of t h e  exac t  s ta te-space equa t ions  
of t h e  two switched models. -On t h e  o t h e r  hand, 
Proceseing Systems .'I 

based on equiva len t  c i r c u i t  manipulat ions,  
r e s u l t i n g  i n  a s i n g l e  equ iva len t  l i n e a r  c i r c u i t  
model of t h e  p a r e r  s tage .  This  has  t h e  d i s t i n c t  
advantage of providing t h e  c i r c u i t  designer  with 
phys ica l  i n s i g h t  i n t o  t h e  behaviour of the  
o r i g i n a l  switched c i r c u i t ,  and of al lowing t h e  
powerful t o o l s  of l i n e a r  c i r c u i t  a n a l y s i s  and 
s y n t h e s i s  t o  be used t o  t h e  f u l l e s t  ex ten t  i n  
design of r e g u l a t o r s  incorpora t ing  switching 
conver te r s .  

1.2 Proposed New State-Space Averaging Approach 

The method proposed i n  t h i s  paper bri-dges t h e  
gap e a r l i e r  considered t o  e x i s t  between t h e  s t a t e -  
space technique and t h e  averaging technique of 
modelling power s t a g e s  by i n t r o d u c t i o n  of s t a t e -  
space averaged modelling. At t h e  same time i t  
o f f e r s  t h e  advantages of both e x i s t i n g  methods - 
t h e  genera l  u n i f i e d  t reatment  of t h e  s ta te - space  
approach, a s  w e l l  a s  an equiva len t  l i n e a r  c i r c u i t  
model a s  i t s  f i n a l  r e s u l t .  Furthermore, it makes 
c e r t a i n  g e n e r a l i z a t i o n s  p o s s i b l e ,  which otherwise 
could no t  be achieved. 

The proposed s ta te - space  averaging method, 
o u t l i n e d  i n  t h e  Flowchart of Fig.  1, al lows  a 
u n i f i e d  t rea tment  of a l a r g e  v a r i e t y  of power 
s t a g e s  c u r r e n t l y  used, s i n c e  t h e  averaging s t e p  
i n  t h e  s ta te - space  domain is  very simple and c l e a r l y  
defined (compare blocks l a  and 2a) .  I t  merely 
c o n s i s t s  of averaging t h e  two exac t  s ta te - space  
d e s c r i p t i o n s  of t h e  switched models over a s i n g l e  
c y c l e  T, where f s  = 1/T is  t h e  switching frequency 
(block 2a) .  Hence t h e r e  i s  no need f o r  s p e c i a l  
"know-howf' i n  massaging t h e  two switched c i r c u i t  
models i n t o  t o p o l o g i c a l l y  equ iva len t  forms i n  o r d e r  
t o  apply c i rcu i t -o r ien ted  procedure d i r e c t l y ,  a s  
requ i red  i n  [ l ]  (block l c ) .  Nevertheless ,  through 
a hybrid model l ing technique (block 2c) ,  t h e  c i r -  
c u i t  s t r u c t u r e  of t h e  averaged c i r c u i t  model 
(block 2b) can be r e a d i l y  recognized from t h e  
averaged s tate-space model (block 2a) .  Hence 
a l l  t h e  b e n e f i t s  of t h e  previous averaging 
technique a r e  r e t a i n e d .  Even though t h i s  out- 
I n  e i t h e r  case ,  a p e r t u r b a t i o n  and l i n e a r i z a t i o n  
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Fig.  1, Flowchart of averaged modelling approaches 

process requi red  t o  inc lude  the  duty r a t i o  
modulation e f f e c t  proceeds i n  a very s t r a i g h t f o r -  
ward and formal manner, thus  emphasizing the  
corner-stone charac ter  of blocks 2a and 2b. At 
t h i s  s t age  (block 2a o r  2b) t h e  s teady-s ta te  (dc) 
and l i n e  t o  output  t r a n s f e r  funct ions  a r e  a l ready 
ava i l ab l e ,  a s  indica ted  by blocks 6a and 6b 
r e spec t ive ly ,  while t he  duty r a t i o  t o  output  
t r a n s f e r  funct ion  is  a v a i l a b l e  a t  t h e  f ina l -s tage  
model (4a o r  4b) a s  i nd i ca t ed  by blocks 7a and 7b. 
The two f i n a l  s t age  models (4a and 4b) then g ive  
t h e  complete desc r ip t ion  of t he  switching 
converter  by inc lus ion  of both independent con- 
t r o l s ,  t he  l i n e  vo l t age  v a r i a t i o n  and t h e  duty 
r a t i o  modulation. 

Even though t h e  c i r c u i t  t ransformation pa th  
b might be p re fe r r ed  from the  p r a c t i c a l  design 
s tandpoint ,  t he  s ta te -space  averaging path a is  
invaluable  i n  reaching some genera l  conclusions 
about the small-signal  low-frequency models of 
any dc-to-dc switching conver ter  (even those 
y e t  t o  be invented) .  Whereas, f o r  path b ,  one 
has t o  be prekented with t he  p a r t i c u l a r  c i r c u i t  
i n  order  t o  proceed with modelling, f o r  path a 
t h e  f i n a l  s ta te -space  averaged equat ions  (block 
48) give t h e  complete model desc r ip t ion  through 

genera l  mat r ices  A1, A2 and vec to r s  bl, b2' 
c T, and c2T of t h e  two s t a r t i n g  switched models 
( h o c k  l a ) .  This i s  a l s o  why a long path b i n  
t h e  Flowchart a p a r t i c u l a r  example of a boost 
power s t a g e  wi th  p a r a s i t i c  e f f e c t s  was chosen, 
while along pa th  a genera l  equat ions  have been 
re ta ined .  S p e c i f i c a l l y ,  f o r  t h e  boost  power 
s t age  bl = b2 - b. This example w i l l  be l a t e r  
pursued i n  d e t a i l  along both paths.  

I n  add i t i on  t h e  s ta te -space  averaging 
approach o f f e r s  a c l e a r  i n s i g h t  i n t o  t h e  
q u a n t i t a t i v e  n a t u r e  of t h e  b a s i c  averaging 
approximation, which becomes b e t t e r  t he  f u r t h e r  
t h e  e f f e c t i v e  low-pass f i l t e r  corner  frequency 
f is below the  switching frequency f,,  t h a t  is ,  
f z / f s  << 1. This  is ,  however, shown t o  be 
equiva lent  t o  t h e  requirement f o r  smal l  output  
vol tage  r i p p l e ,  and hence does n o t  pose any 
s e r i o u s  r e s t r i c t i o n  o r  l i m i t a t i o n  on modelling 
of prac r i c a l  dc-to-dc conver ters .  

F i n a l l y ,  t h e  s ta te -space  averaging approach 
se rves  a s  a b a s i s  f o r  de r iva t ion  of a u s e f u l  
genera l  c i r c u i t  model t h a t  desc r ibes  t h e  input-  
output  and c o n t r o l  p rope r t i e s  of any dc-to-dc 
conver ter .  



1 .3  New Canonical C i r c u i t  Model 

The culminat ion of any of t h e s e  der iva-  
tions along e i t h e r  pa th  a  o r  pa th  b  i n  t h e  
Flowchart of Fig.  1 is  an equiva len t  c i r c u i t  
(block 5) , v a l i d  f o r  smal l - s igna l  low-f requency 
v a r i a t i o n s  superimposed upon a  dc o p e r a t i n g  
p o i n t ,  t h a t  r e p r e s e n t s  t h e  two t r a n s f e r  func t ions  
of i n t e r e s t  f o r  a  swi tch ing  conver te r .  These 

.re the  l i n e  vo l tage  t o  ou tpu t  and duty r a t i o  
to output  t r a n s f e r  f u n c t i o n s .  

The e q u i v a l e n t  c i r c u i t  i s  a  canonica l  model 
t h a t  con ta ins  t h e  e s s e n t i a l  p r o p e r t i e s  of 
dc-to-dc swi tch ing  c o n v e r t e r ,  r e g a r d l e s s  of t h e  
de ta i led  conf igura t ion .  A s  seen i n  block 5 f o r  
the general case,  t h e  model inc ludes  an i d e a l  
transformer t h a t  d e s c r i b e s  t h e  b a s i c  d c - t e d c  
t ransformation r a t i o  from l i n e  t o  o u t p u t ;  a 
low-pass f i l t e r  whose element va lues  depend upon 
the  dc duty r a t i o ;  and a  v o l t a g e  and a  c u r r e n t  
generator  p r o p o r t i o n a l  t o  t h e  duty r a t i o  modula- 
t i o n  input .  

The canonica l  model i n  block 5 of t h e  Flow- 
c h a r t  can be obtained fol lowing e i t h e r  pa th  a  o r  
path b,  namely from b lock  4a o r  4b, a s  w i l l  be 
&own l a t e r .  However, fol lowing t h e  g e n e r a l  
d e s c r i p t i o n  of t h e  f i n a l  averaged model i n  block 
ha, c e r t a i n  g e n e r a l i z a t i o n s  about t h e  canonica l  
model a r e  made p o s s i b l e ,  which a r e  o therwise  no t  
achievable.  Namely, even though f o r  a l l  c u r r e n t l y  
known switching dc-to-dc conver te r s  (such a s  t h e  
buck, boos t ,  buck-boost, Venable 1 3 1 ,  Weinberg [ 4 ]  
and a  number of o t h e r s )  t h e  frequency dependence 
appears on ly  i n  t h e  du ty- ra t io  dependent v o l t a g e  
generator  bu t  n o t  i n  t h e  c u r r e n t  genera tor ,  and the 
~n bs,a@,a,fkaLs.f d e ~ .  L ~ i , r l ~ l e ~ z c r _ o ~ . . e o I ~ o m i a l  i n  
po les  of t h e  e f f e c t i v e  f i l t e r  network which 
e s s e n t i a l l y  c o n s t i t u t e  t h e  l i n e  v o l t a g e  t o  ou tpu t  
t r a n s f e r  func t ion .  Moreover, i n  g e n e r a l ,  both 
duty- ra t io  dependent g e n e r a t o r s ,  v o l t a g e  and cur-  
r e n t ,  a r e  frequency dependent ( a d d i t i o n a l  ze ros  
and p o l e s ) .  That i n  t h e  p a r t i c u l a r  c a s e s  of t h e  
boost  o r  buck-boost conver te r s  t h i s  dependence 
reduces t o  a  f i r s t  o rder  polynomial r e s u l t s  from 
the f a c t  t h a t - t h e  order  of t h e  system which i s  
involved i n  t h e  swi tch ing  a c t i o n  i s  only two. 
Hence from t h e  g e n e r a l  r e s u l t ,  t h e  o rder  of t h e  
Polynomial i s  a t  most one,  though i t  could reduce 
t o  a  pure c o n s t a n t ,  a s  i n  t h e  buck o r  t h e  Venable 
converter  [ 3 ] .  

The s i g n i f i c a n c e  of  t h e  new c i r c u i t  model i s  
t h a t  any swi tch ing  dc-to-dc conver te r  can be 
reduced t o  t h i s  canonica l  f ixed  topology form, 
a t  l e a s t  a s  f a r  a s  i t s  input-output  and c o n t r o l  

a;nt"y";;;f; 5-7 i;-g;;,;j, ;~;;er~f~~c:'iv:a for 

elements depend on duty r a t i o  D ) ,  and t h e  conf i -  

gura t ion  chosen which opt imizes t h e  s i z e  and 
weight.  Also, comparison of t h e  frequency depen- 
dence of t h e  two d u t y - r a t i o  dependent g e n e r a t o r s  
provides i n s i g h t  i n t o  t h e  ques t ion  of s t a b i l i t y  
once a r e g u l a t o r  feedback loop i s  c l o s e d .  

1.4 Extension t o  Complete Regulator Treatment 

F i n a l l y ,  a l l  t h e  r e s u l t s  obtained i n  model l ing 
t h e  conver te r  o r ,  more a c c u r a t e l y ,  t h e  network 
which e f f e c t i v e l y  t a k e s  p a r t  i n  swi tch ing  a c t i o n ,  
can e a s i l y  be incorpora ted  i n t o  more complicated 
systems conta in ing  dc-to-dc conver te r s .  For 
example, by model l ing t h e  modulator s t a g e  along t h e  
same l i n e s ,  one can o b t a i n  a  l i n e a r  c i r c u i t  model 
of a  closed-loop swi tch ing  r e g u l a t o r .  Standard 
l i n e a r  feedback theory ran then be used f o r  both 
a n a l y s i s  and s y n t h e s i s ,  s t a b i l i t y  c o n s i d e r a t i o n s ,  
and proper  des ign  of feedback compensating ne t -  
works f o r  m u l t i p l e  loop a s  w e l l  a s  s ingle- loop 
r e g u l a t o r  c o n f i g u r a t i o n s .  

2.  STATE-SPACE AVERAGING 

In  t h i s  s e c t i o n  t h e  s ta te - space  averaging 
method i s  developed f i r s t  i n  g e n e r a l  f o r  any dc- 
to-dc switching c o n v e r t e r ,  and then demonstrated 
i n  d e t a i l  f o r  the  p a r t i c u l a r  c a s e  of t h e  boost  
power s t a g e  i n  which p a r a s i t i c  e f f e c t s  ( e s r  of 
t h e  c a p a c i t o r  and s e r i e s  r e s i s t a n c e  of t h e  in -  
duc tor )  a r e  included.  General  equa t ions  f o r  
both s teady-s ta te  (dc)  and dynamic performance 
(ac)  a r e  obtained,  from which important  t r a n s f e r  

in func t ions  a r e  der ived  and a l s o  a p p l i e d  t o  the  
s p e c i a l  c a s e  of t h e  boost  power s t a g e .  
swi tch ing  between two l i n e a r  networks c o n s i s t i n g  
of i d e a l l y  l o s s l e s s  s t o r a g e  elements ,  inductances 
and capaci tances.  I n  p r a c t i c e ,  t h i s  func t ion  may 
be obtained by use of t r a n s i s t o r s  and d iodes  
which o p e r a t e  a s  synchronous swi tches .  On t h e  
assumption t h a t  t h e  c i r c u i t  o p e r a t e s  i n  the  so- 
c a l l e d  "continuous conduction" mode i n  which t h e  
ins tan taneous  induc tor  c u r r e n t  does no t  f a l l  t o  
ze ro  a t  any p o i n t  i n  t h e  c y c l e ,  t h e r e  a r e  only 
two d i f f e r e n t  " s t a t e s "  of t h e  c i r c u i t .  Each s t a t e ,  
however, can be represen ted  by a  l i n e a r  c i r c u i t  
model ( a s  shown i n  block l b  of Fig.  1 )  o r  by a  
corresponding s e t  of s t a t e - s p a c e  equa t ions  (block 
l a ) .  Even though any s e t  of l i n e a r l y  independent 
v a r i a b l e s  can be chosen a s  t h e  s t a t e  v a r i a b l e s ,  
i t  is  customary and convenient  i n  e l e c t r i c a l  
networks t o  adopt  t h e  i n d u c t o r  c u r r e n t s  and capa- 
c i t o r  vo l tages .  The t o t a l  number of s t o r a g e  
elements t h u s  determines t h e  order  of t h e  system. 

k e , E , , ~ s , " d , ~  :~,~h,,B,,:h,~,i,c,~ e:f LaLve_c,to,E 
equa t ions  f o r  t h e  two switched models: 



(i) i n t e rva l  Td : (11)  in t e rva l  Td ' :  

where Td denotes the  in t e rva l  when the  switch i s  
i n  the  on s t a t e  a n d  T ( l -d )  5 ~ d '  i s  the  in terval  
for which it i s  i n  t h e  o f f  s t a t e ,  as shown i n  
Fig. 2 .  The s t a t i c  equations y l  = clTx and 
y = c2Tx are necessary i n  order t o  account for  
t i e  case when t h e  output quanti ty does not 

s w ~ t c h  d r i v e  

o f f  7 k r- 1 Td Td' 4 

Fig. 2. De f in i t i on  o f  t h e  two switched in t e rva l s  
Td and Td' . 

coincide with any o f  t h e  s t a t e  var iab le s ,  but 
i s  rather a cer ta in  l inear  combination o f  the 
s ta t e  variable$.  

Our objec t ive  now i s  t o  replace the  s ta te-  
space description o f  t h e  two l inear  c i r c u i t s  
emanating from the  two successive phases o f  the  
switching cyc le  T by a s ingle  state-space des- 
cr ip t ion  which represents approximately the  beha- 
viour o f  the  c i r c u i t  across the  whole period T .  
We there fore  propose the  following simple avera- 
ging s t ep :  take  t h e  average o f  both dynamic and 
s t a t i c  equations for  the  two switched in t e rva l s  
( I ) ,  by summing t h e  equations for  in t e rva l  Td 
mult ipl ied by d and the  equations for  in t e rva l  
Td' mult ipl ied by d ' .  The following l inear  
continuous system r e s u l t s :  

A f t e r  rearranging ( 2 )  i n t o  t h e  standard 
l inear  continuous system state-space descr ip t ion ,  
we obtain the  basic averaged state-space descrip- 
t i o n  (over a s ingle  period T ) :  

This model i s  the  bas ic  averaged model which 
i s  the s ta r t ing  model f o r  a l l  other derivations 
(both state-space and c i rcu i t  o r i en ted ) .  

Note tha t  i n  the  above equations t h e  duty 
r a t i o  d i s  considered constant;  it i s  not  a time 
dependent var iable  ( y e t ) ,  and particularly not a 
switched discontinuous variable which changes 
between 0 and 1 as i n  [ l ]  and [ 2 ] ,  but i s  merely 
a f ixed number for  each cycle .  This i s  evident 
from the  model der ivat ion  i n  Appendix A. In 
par t icular ,  when d = 1 (swi tch  constantly on) 
the averaged model ( 3 )  reduces t o  switched 
model (11)  , and when d = 0 (swi tch  o f f )  i t  
reduces t o  switched model (111) .  

In essence,  comparison between ( 3 )  and ( 1 )  
shows tha t  the  system matrix o f  the  averaged 
model i s  obtained by taking t h e  average o f  two 
switched model matrices A and A2, i t s  control  i s  
the  average o f  two control  vec tors  bl and b 2 ,  and 
i t s  output i s  t he  average o f  two outputs yl and 
y over a period T .  2 

The j u s t i f i c a t i o n  and the  nature o f  the 
approximation i n  subs t i t u t ion  for  t h e  two switched 
models o f  (1) by averaged model (3)  i s  indicated 
i n  Appendix A and given i n  more d e t a i l  i n  [b]. 
The bas ic  approximation made, however, i s  that  
o f  approximation o f  t h e  fundamental matrix 
eAt = I + At + by i t s  f i rs t -order  l inear  
term. This  i s ,  i n  turn,shown i n  Appendix B t o  
be the  same approximation necessary t o  obtain the  
dc condit ion independent o f  t h e  storage element 
values (L,C) and dependent on the dc duty r a t i o  
only.  I t  a l so  coincides w i th  the  requirement for  
low output voltage r i p p l e ,  which i s  shown i n  
Appendix C t o  be equivalent  t o  f c / f  << 1 ,  
namely the  e f f e c t i v e  f i l t e r  corner frequency 
much lower than the  switching frequency. 

The model represented by ( 3 )  is an averaged 
model over a s ingle  period T .  I f  we now assume 
tha t  the  duty r a t i o  d i s  constant from cycle  t o  
c y c l e ,  namely, d = D (steady s t a t e  dc duty r a t i o ) ,  
we get :  

where 

Since ( 4 )  i s  a l i near  system, superposition 
holds and it can be per t~rbed  by introduction o f  
l i n e  voltage var ia t ions  v as v = V + C , where 
V i s  the  dc l i n e  input v81tagef  cauging 8 
c8rrespo:ding perturbation i n  the  s t a t e  vector 
x = X + X ,  where !gain X i s  t he  dc value o f  the 
s t a t e  vector and x the superFposed ac pertur- 
bation.  S imi lar l y ,  y  = Y + y ,  and 



Separation o f  the steady-state (dc)  part 
from the dynamic (ac )  part then resu l t s  i n  the  
steady s ta te  (dc )  model 

and the  dynamic (ac )  model 

I t  i s  in teres t ing t o  note that i n  ( 7 )  the 
steady s ta te  (dc )  vector X w i l l  i n  general only 
depend on the dc duty ra t io  D and resistances 
i n  the  original model, but not on the  storage 
element values (L ' s  and C ' s ) .  This i s  so 
because X i s  the solution o f  the l inear system 
o f  equations 

i n  which L's and C's are proportionality con- 
s tants .  This i s  i n  complete agreement wi th  the 
f irst-order approximation o f  the  exact dc 
conditions shown i n  Appendix B ,  which coincides 
with expression ( 7 ) .  

From the dynamic (ac)  model, the  l i n e  
voltage t o  state-vector t rans fer  functions can 
be easi ly  derived as:  

Hence at  t h i s  stage both steady-state 
(dc)  and l i n e  t rans fer  functions are available,  
as shown by block 6a i n  the Flowchart o f  F i g .  1 .  
We now undertake t o  include the  duty r a t i o  
modulation e f f e c t  i n t o  the basic averaged 
model ( 3 ) .  

2.2 Perturbation 

Suppose now that  the duty ra t io  changes from 
cycle t o  cyc le ,  that  i s ,  d ( t )  = D + a where D 
i_s the steady-state (dc)  duty ra t io  as before  and 
d i s  a superimposed (ac)  variation.  With the  A 

corres~ondina perturbatipn d e f i n i t i o n  x = X + x ,  
dc term l i n e  duty ra t io  variat ion 

variation 

nonlinear second-order term 

dc ac ac term nonlinear term 
term term 

The perturbed state-space description i s  
nonlinear owing t o  the  presence o f  the_ prodyct 
o f  the two time dependent quant i t ies  x and d .  

2 . 3  Linearization and Final State-Space Averaged 
Model 

Let us now make the  small-signal approxima- 
t i o n ,  namely that departures from the  steady s ta te  
values are negligible compared t o  the  steady s ta te  
values themselves: 

Then, using approximations (12) we neglect  a l l  
nonlinear terms such as the second-order terms i n  
(11) and obtain once again a line_ar system, but 
including duty-ratio modulation d .  Af ter  sepa- 
rating steady-state (dc)  and dynamic (ac )  parts 
o f  t h i s  linearized system we arrive at  the  follow- 
ing resul ts  for the f i n a l  state-space averaged 
model. 

Steady-state (dc )  model: 

Dynamic (ac small-signal) model: 

T In these r e s u l t s ,  A, b and c are given as before 
by ( 5 ) .  

Equations (13) and (14)  represent the  small- 
signal low-frequency model o f  any No-s tate  
switching dc-to-dc converter working i n  the con- 
tinuous conduction mode. 

I t  i s  important t o  note that  by neglect  o f  
the  nonlinear term i n  (11) the source o f  harmonics 
i s  e f f e c t i v e l y  removed. Therefore,  the l inear 
description (14) i s  actually a l inearized 
describing function resu l t  that  i s  the l i m i t  o f  
the  d e s ~ r i b i n g ~ f u n c t i o n  2s the  amplitude o f  the  
input signals ve andlor d becomes vanishingly 
explained i n  [ I ] ,  121, or la]' i n  h i c h  smail- 
signal assumption (12) i s  preserved. Very good 
agreement up t o  close t o  h a l f  the switching 
frequency has been demonstrated repeatedly 
(111, [21, 131, 171). 



2.4 Example: Boost Power Stage wi th  P a r a s i t i c s  

We now i l l u s t r a t e  t h e  method f o r  t h e  boost  
power s t a g e  shown i n  Fig.  3. 

i n  which I i s  t h e  d c  i n d u c t o r  c u r r e n t ,  V is 
t h e  dc c a p a c i t o r  v o l t a g e ,  and Y is  t h e  d c  output  
v o l t a g e  . 
Dynamic ( a c  s m a l l  s i g n a l )  model: 

Fig.  3. Example f o r  t h e  s t a t e - s p a c e  averaged 
modelling: boost  power s t a g e  w i t h  para- 
s i t i c ~  included.  

Fig. 4.  Two switched c i r c u i t  models of t h e  
c i r c u i t  i n  P ig .  3 wi th  assumption of i d e a l  
switches.  A l l  elements i n  t h e  f i n a l  s t a t e -  
space averaged mode4 (13) and (14) a r e  
obtained:  A b , c  from a )  f o r  i n t e r v a l  
Td, and ~ ~ , b i : ~ k  hom b) f o r  i n t e r v a l  Td' . 

With assumption of i d e a l  swi tches ,  t h e  two 
switched models a r e  a s  shown i n  Fig. 4. For choice 
of s ta te - space  v e c t o r  xT = ( 1  v ) ,  t h e  s t a t e  space 
equa t ions  become: 

.--I 

where 

Note t h a t  (15) is  t h e  s p e c i a l  case  of (1) i n  
which bl = b2 = b = [ I / L  b]T. 

Using (16) and (5) i n  t h e  genera l  r e s u l t  
(13) and (14) ,  we o b t a i n  t h e  fol lowing f i n a l  
s ta te - space  averaged model. 
S teady-s ta te  (dc) model: 

2  
i n  which R' (1-D) R + R~ + D ( ~ - D ) ( R ~ ~ ~ R ; .  

We now look more c l o s e l y  a t  t h e  dc v o l t a g e  
t rans format ion  r a t i o  i n  (17):  

v Y 1 2 _ r - = -  (1-D) R 
(19) 

V V 1-D (I-D)~R + Rp + D(1-D) (Rc /b) 
W L  T 

i d e a l  c o r r e c t i o n  f a c t o r  
dc g a i n  

This  shows t h a t  t h e  i d e a l  d c  v o l t a g e  g a i n  is  1 / D '  
when a l l  p a r a s i t i c s  a r e  ze ro  (R = 0 ,  Rc = 0) and 
t h a t  i n  t h e i r  presence i t  is s l f g h t l y  reduced by 
a  c o r r e c t i o n  f a c t o r  l e s s  than 1. Also we observe 
..L-.. ------- --- ..I.- a.. ---- /u 
d i s c o n t i n u i t y  of ou tpu t  v o l t a g e  was n o t  in?iu$.&$+L 
i n  [Z], bu t  was c o r r e c t l y  accounted f o r  i n  111. 

From t h e  dynamic model (18) one can f i n d  t h e  
duty r a t i o  t o  ou tpu t  and l i n e  v o l t a g e  t o  ou tpu t  
t r a n s f e r  f u n c t i o n s ,  which a g r e e  e x a c t l y  wi th  those  
obtained i n  [ l ]  by fol lowing a  d i f f e r e n t  method of 
averaged model d e r i v a t i o n  based on t h e  equivalence 
of c i r c u i t  topo log ies  of two switched networks. 

The fundamental r e s u l t  of  t h i s  s e c t i o n  is  t h e  
development of t h e  genera l  s ta te - space  averaged 
model represen ted  by (13) and ( 1 4 ) ,  which can be 
e a s i l y  used t o  f i n d  t h e  smal l - s igna l  low-frequency 
model of any swi tch ing  dc-to-dc conver te r .  This  
was demonstrated f o r  a  boos t  power s t a g e  wi th  
p a r a s i t i c s  r e s u l t i n g  i n  t h e  averaged model (17) 
and (18) .  It i s  important  t o  emphasize t h a t ,  
u n l i k e  t h e  t r a n s f e r  func t ion  d e s c r i p t i o n ,  t h e  
s ta te - space  d e s c r i p t i o n  (13) and a 4 )  g i v e s  t h e  
complete system behaviour. This  is  very u s e f u l  
i n  implementing two-loop and multi-loop feedback 
when two o r  more s t a t e s  a r e  used-in a feedback 
pa th  t o  modulate t h e  du ty  r a t i o  d. For example. 
both ou tpu t  v o l t a g e  and i n d u c t o r  c u r r e n t  may 
be r e t u r n e d  i n  a  feedback loop.  



3. HYBRID MODELLING 

In t h i s  section it w i l l  be shown tha t  f o r  any 
s p e c i f i c  converter a use fu l  c i r c u i t  r ea l i za t ion  
o f  the bas ic  averaged model given by ( 3 )  can 
always be found. Then, i n  the following sec t ion ,  
the perturbation and l inear izat ion  steps w i l l  be 
carried out on the  c i r c u i t  model f i n a l l y  t o  
arrive a t  t h e  c i r c u i t  model equivalent o f  (13)  and 
(14)  + 

The c i r c u i t  r ea l i za t ion  w i l l  be demonstrated 
for  the  same boost power stage example,for which 
the  bas ic  state-space averaged model ( 3 )  becomes: 

In order t o  "connect" the c i r c u i t ,  we 
express the capacitor voltage v i n  terms o f  the  
desired output quant i ty  y a s :  

R+Rc 
v = - y - ( 1 - d ) R c i  

R 

or ,  i n  matrix form 

Subst i tu t ion  o f  (21) i n t o  ( 2 0 )  gives 

ideal  

From (22)  one can e a s i l y  reconstruct t h e  c i r c u i t  
representation shown i n  F i g .  5 .  

The bas ic  model (22)  i s  valid for  the  dc 
regime, and the  two dependent generators can be 
modeled as an ideal  d ' : l  transformer whose range 
extends down t o  dc ,  as shown i n  F i g .  6 .  

F i g .  5 .  Circui t  r ea l i za t ion  o f  the  bas ic  s ta te-  
space averaged model (20)  through hybrid 
modelling. 

d': I 

Fig. 6 .  Basic c i r c u i t  averaged model for  t he  
boost c i r c u i t  example i n  F i g .  3 .  Both dc- 
to-dc conversion and l i n e  var ia t ion  are 
modelled when d(t)-D. 

As b e f o r e ,  we f ind tha t  t he  c i r c u i t  model i n  
Fig. 6 reduces for  d = 1 t o  switched model i n  F i g .  
4a,  and for  d = 0 t o  switched model i n  F i g .  4b. 
In both cases the  addit ional res is tance  R = 
dd' ( R  I I R) disappears, as it should. 1 

I f  the  duty r a t i o  i s  constant so d = D ,  the  
dc regime can be found e a s i l y  by considering 
inductance L t o  be short and capacitance C t o  be 
open for  dc ,  and the  transformer t o  have a D':l  
ra t io .  Hence the  dc voltage gain (19)  can be 
d i r e c t l y  seen from F i g .  6 .  S imi lar ly ,  a l l  l i n e  
t r a n s f e r  functions corresponding t o  (10)  can be 
e a s i l y  found from Fig. 6 .  

I t  i s  i n t e res t ing  now t o  compare t h i s  ideal  
d ' : l  transformer w i th  the usual ac transformer. 
While i n  the l a t t e r  the  turns r a t i o  i s  f i x e d ,  the 
one employed i n  our model has a dynamic turns  r a t i o  
d ' : l  which changes when the  duty r a t i o  i s  a func- 
t i o n  o f  t ime ,  d ( t )  . I t  i s  through t h i s  ideal  
transformer that  t he  actual controll ing function i s  
achieved when the  feedback loop i s  closed.  In 
addit ion the  ideal  transformer has a dc trans- 
formation r a t i o  d ' : l ,  while a real  transformer 
works for ac s ignals  only.  Nevertheless,  the  
concept o f  the  ideal  transformer i n  Fig. 6 wi th  
such properties i s  a very u s e f u l  one,  since a f t e r  
a l l  the  switching converter has the  overal l  
property o f  a dc-to-dc transformer whose turns  
r a t i o  can be dynamically adjusted b y  duty ra t io  
modulation t o  achieve the  control l ing  function.  
We w i l l ,  however, see i n  t h e  next  sec t ion  how 
t h i s  can be more e x p l i c i t l y  modelled i n  terms o f  
duty-rat io  dependent generators only.  

Following the  procedure outl ined i n  t h i s  
sec t ion  one can e a s i l y  obtain t h e  bas ic  averaged 
c i r c u i t  models o f  three common converter power 
stages,as shown i n  the  summary o f  Fig. 7 .  



(a) buck power S t e q e  : 

(b) b o o s t  Power s t a a r  : buck 

(c) buck b o o s t  power  s boost  

R 

Fig. 7 .  Summary o f  basic c i rcu i t  averaged models 
for  three common power stages: buck, 
boost ,  and buck-boost. 

The two switched c i rcu i t  state-space models 
for the power stages i n  Fig. 7 are such that  the  
general equations ( 1 )  reduce t o  the special  cases 
A1 - A2 - A, bl # b2 = 0 (zero vector)  for  the 
buck parer stage,  and A1 # A2, b - b2 = b for  the 
boost power stage,  whereas for  the buck-boost 
power stage A + A2 and bl # b2 = 0 so tha t  the  
general case 3s retained. 

4. CIRCUIT AVERAGING 

As indicated i n  the  Introduction,in t h i s  
section the  al ternat ive  path b i n  the Flowchart 
o f  F i g .  1 w i l l  be followed, and equivalence 
with the previously developed path a f i rmly  
established. The f i n a l  c i rcu i t  averaged model 
for the same example o f  the boost power stage 
w i l l  be arrived a t ,  which i s  equivalent t o  i t s  
corresponding state-space deacription given by 
(17) and (18) . 

The averaged c i r c u i t  models shown i n  ' F i g .  
7 could have been obtained as i n  [ 2 ]  by d i rec t l y  
averaging the  corresponding components o f  the  two 
switched models. However, even for  some simple 
cases such as the buck-boost or tapped inductor 
boost [ l]  t h i s  presents some d i f f i c u l t y  owing t o  
the requirement o f  having two switched c i rcu i t  
models topologically equivalent,  while there i s  
no such requirement i n  the outlined procedure. 

4.1 Perturbation 

I f  the  averaged model i n  F i g .  7b i s  perturbed 
according t o  v g  - v +G iA- I+$, d - m-a, 
d' ,- D' -a ,  v - ~ 4 , ~ ~  H'Y+~ the  nonlinear model 
i n  F i g .  8 resu l t s .  

F i g .  8. Perturbation o f  the basic  averaged c i r c u i t  
model i n  F i g .  6 includes the duty r a t i o  
modulation e f f e c t  2, but r e s u l t s  i n  t h i s  
nonlinear c i r c u i t  model. 

4.2 Linearization 

Under the  small-signal approximation ( 1 2 ) ,  
the  following l inear  approximations are obtained: 

and the  f i n a l  averaged c i rcu i t  model o f  F i g .  9 
r e su l t s .  In t h i s  c i rcu i t  model we have f i n a l l y  
obtained the  controll ing function separated i n  
terms o f  duty r a t i o  a dependent generators e, 
and j , ,  while the  transformer turns ra t io  i s  
dependent on the  dc duty r a t i o  D only.  The 
c i rcu i t  model obtained i n  F i g .  9 i s  equivalent t o  
the state-space description given by (17) and (18) .  

F i g .  9 .  Under small-signal assumption (121, the 
model i n  F i g .  8 i s  l inearized and t h i s  
f i n a l  averaged c i r c u i t  model o f  the  boost 
stage i n  F i g .  3 i s  obtained. 

5 .  THE CANONICAL CIRCUIT MODEL 

Even though the  general f i n a l  state-space 
In t h i s  section we proceed with the perturba- averaged model i n  (13) and (14) gives the  complete 

t i o n  and l inearizat ion steps applied t o  the  c i r -  description o f  the  system behaviour, one might s t i l l  
cu i t  model, continuing with the  boost power stage wish t o  derive a c i rcu i t  model describing i t s  
as an example i n  order t o  include e x p l i c i t l y  the  input-output and control properties as i l lus trated 
duty ra t io  modulation e f f e c t .  i n  F i g .  10. 



(a) 
state - space 

i n p u t  output 
bas is 

'0' 
cont ro l  

-7G 
control  

F i g .  10. Def in i t ion o f  the modelling object ive:  
c i rcu i t  averaged model describing input- 
output and control properties. 

In going from the  model o f  F i g .  10a t o  that  o f  
F i g .  lob  some information about the internal 
behaviour o f  some o f  the s ta tes  w i l l  cer tainly  be 
l o s b b u t ,  on the  other hand, important advantages 
w i l l  be gained as were b r i e f l y  outlined i n  the 
Introduction,  and as t h i s  section w i l l  i l l u s t r a t e .  

We propose the  following f ixed topology 
c i r c u i t  model, shown i n  F i g .  11,  as a real izat ion 

control f u ~ t i o n  basic dc-to-dc effective low-pass 
v i a  d transforrrration f I l ter network 

F i g .  11. Canonical c i rcu i t  model real izat ion o f  the  
"black box" i n  F i g .  lob ,  modelling the  
three essent ia l  functions o f  any dc-to-dc 
converter: control,  basic dc conversion, 
and lw-pass  f i l t e r i n g .  

o f  the  "black box" i n  F i g .  lob .  We c a l l  t h i s  model 
the canonical c i rcu i t  model, because any switching 
converter input-output model, regardless o f  i t s  
detailed configuration,  could be represented i n  
t h i s  form. Di f f e ren t  converters are represented 
simply by an appropriate se t  o f  formulas for the  
four elements e ( s ) ,  j ( s ) ,  p .  He(s) i n  the  general 
equivalent c i rcu i t .  The polarity o f  the ideal  
p:1 transformer i s  determined by.whether or not 
the  power stage i s  polarity inverting.  I t s  turns  
r a t i o  p i s  dependent on the  dc duty ra t io  D ,  and 
since for  modelling purposes the transformer i s  
assumed t o  operate down t o  dc,  it provides the  
basic dc-to-dc l e v e l  conversion. The single-sec- 
t i o n  low-pass LeC f i l t e r  i s  shown i n  F i g .  11 
only for  i l l u s t r a t i o n  purposes, because the  actual 
number and configuration o f  the  L's and C's i n  the  
e f f e c t i v e  f i l t e r  t rans fer  function real izat ion 
depends on the  number o f  storage elements i n  the  
original converter. 

The resistance Re i s  included i n  the model 
o f  F i g .  11 t o  represent t h e  damping properties 
o f  the  e f f e c t i v e  low-pass f i l t e r .  I t  i s  an 
" e f f e c t i v e "  resistance that  accounts for various 
ser ies  ohmic resistances i n  the  actual c i rcu i t  
(such as  RE i n  the  boost c i r c u i t  example), the  
additional "switching" resistances due t o  d i s -  
continuity o f  the  output voltage (such as 
Rl = DD'(R 1 1  R) i n  the  boost c i rcu i t  example), 

and also  a "modulation" resistance that  ar ises  
from a modulation o f  the  svitching transis tor  
storage time 111. 

5.1 Derivation o f  the  Canonical Model through 
State-Space 

From the  general state-space averaged model (13) 
and ( 1 4 ) ,  we obtain d i rec t l y  using the Laplace 
transform: 

Now, from the  complete se t  o f  t ransfer  functions 
we single out those which describe the  converter 
input-output properties, namely ,. A 

i n  which the  G's are known e x p l i c i t l y  i n  terms o f  
the  matrix and vector elements i n  (23) .  

Equations (24) are analogous t o  the two-port 
network representation o f  the terminal properties 
o f  the n:twork (output voltage y ( s )  and input 
current i ( s ) ) .  The subscripts designate the  
corresponding transfer  funstions.  For example , 
Gv i s  the  source voltage v t o  output voltage y 
t r%ns fer  funct;on, Gid i s  tfFe duty ra t io  8 t o  
input current i ( s )  t rans fer  funct ion,  and so on. 

For the proposed canonical c i rcu i t  model i n  
F i g .  11, we d i rec t l y  get :  

o r ,  a f t e r  rearrangement i n t o  the  form o f  (24) : 

Direct cornoarison o f  (24)  and (26) ~ r o v i d e s  the . - - - .  
solutions for He(s) ,  e ( s )  , and j ( s )  i n  terms o f  
the known transfer  functions G v g ,  Gvd ,  Gig and 
Gid as: 



Note that i n  (27) the  parameter 1 /p  represents 
the ideal dc voltage gain when a l l  the parasit ics 
are zero. For the  previous boost power stage 
example, from (19) we get u - 1-D and the  correc- 
t ion  factor i n  (19) i s  then associated with the  
e f f e c t i v e  f i l t e r  network He(s).  However, l~ 
could be found from 

1 ?- = - c T ~ - l b  - - X (correction factor)  (28) v 
8 

u 

by se t t ing a l l  parasit ics t o  zero and reducing 
the  correction factor t o  1. 

The physical signif icance o f  the  ideal dc 
gain p i s  that it arises  as a consequence o f  the  
switching act ion,  so it cannot be associated with 
the e f f e c t i v e  f i l t e r  network which a t  dc has a 
gain (actual ly  attenuation) equal t o  the  cor- 
rection factor.  

The procedure for  finding the four elements 
i n  the canonical model o f  F i g .  11 i s  now b r i e f l y  
reviewed. F i r s t ,  from (28) the  basic dc-to-dc 
conversion factor p i s  found as a function o f  dc 
duty ra t io  D .  Next, from the set  o f  a l l  t rans fer  
functions (23) only those defined by (24) are 
actually calculated. Then, by use o f  these 
four t rans fer  functions G vd' ' v  " d' ' i f  
(27) the frequency dependent geherators e s  
and j ( s )  as, well  as the  low-pass f i l t e r  t ransfer  
function H ( s )  are obtained. 

The two generators could be further put 
in to  the form 

where f l ( 0 )  - f 2 ( 0 )  = 1 ,  such that the  parameters 
E and J could be iden t i f i ed  as dc gains o f  the  
frequency dependent functions e ( s )  and j ( 6 ) .  

Finally,  a general synthesis procedure 1101 
for real izat ion o f  L,C t rans fer  functions 
terminated i n  a single load R could be used t o  
obtain a low-pass ladder-network c i rcu i t  
realization o f  the  e f f e c t i v e  low-pass network 
He(s). Though for the  second-order example o f  
He(s) t h i s  step i s  t r i v i a l  and could be done by 
inspection,  for higher-order t rans fer  functions 
the orderly procedure o f  the  synthesis [ l o ]  i s  
almost mandatory. 

5.2 Example: Ideal Buck-boost Power Stage 

For the  buck-boost c i rcu i t  shorn i n  Fin. 7c 

,-. 
i n  which the output voltage y coinc!des wi th  the 
state-variable capacitance voltage v .  

From (28) and (29)  one obtains p = D ' / D  . 
With use o f  (29) t o  derive transfer  funct ions ,  and 
upon subst i tu t ion i n t o  ( 2 7 ) .  there resu l t s  

i n  which V i s  the  dc output voltage. 

The e f f e c t i v e  f i l t e r  t rans fer  function i s  
eas i l y  seen as a low-pass LC f i l t e r  wi th  Le = 
 LID'^ and wi th  load R .  The two generators i n  the  
canonical model o f  F i g .  11 are iden t i f i ed  by 

We now derive the same model but t h i s  time 
using the equivalent c i rcu i t  transformations and 
path b i n  the Flowchart o f  F i g .  1.  

A f t e r  perturbation and l inearizat ion o f  the 
c i rcu i t  averaged model i n  F i g .  7c (with 
Re-0) the ser ies  o f  equivalent c i rcu i t s  %-;ip. 12 
i s  obtained. 

p i g .  12. Equivalent c i rcu i t  transformations of the 
f i n a l  c i r c u i t  averaged model ( a ) ,  leading 
t o  i t s  canonical c i r c u i t  real izat ion (c) 
demonstrated on the  buck-boost example o f  
Pig. 7c (wi th  Rf-0 , Rc-0 ). 



The o b j e c t i v e  of t h e  t r a n s f  ormations i s  t o  
reduce t h e  o r i g i n a l  f o u r  d u t y - r a t i o  dependent gen- 
e r a t o r s  i n  Fig.  12a t o  j u s t  two genera tors  ( v o l t -  
age and c u r r e n t )  i n  Fig. 1 2 ~  which a r e  a t  t h e  in -  
put p o r t  of  t h e  model. As t h e s e  c i r c u i t  t r a n s -  
formations unfold,  one s e e s  .how t h e  frequency de- 
pendence i n  t h e  genera tors  a r i e e s  n a t u r a l l y ,  a s  
i n  ~ i g .  12b. Also, by t r a n s f e r  of t h e  two gen- 
e r a t o r s  i n  Fig.  32b from t h e  secondary t o  t h e  
primary of t h e  l : D  t rans former ,  and the  inductance 
L t o  t h e  secondary o f  t h e  D ' : l  t r ans former ,  t h e  
cascade of  two i d e a l  t ransformers  is reduced t o  
t h e  s i n g l e  t ransformer w i t h  equ iva len t  t u r n s  
r a t i o  D':D. A t  t h e  same time t h e  e f f e c t i v e  f i l t e r  
network Le, C, R is generated.  

Expreseione f o r  t h e  elements i n  t h e  canonica l  
e q u i v a l e n t  c i r c u i t  can b e  found i n  a s i m i l a r  way 
f o r  any c o n v e r t e r  conf igura t ion .  Resu l t s  f o r  the  
t h r e e  f a m i l i a r  c o n v e r t e r s ,  t h e  buck, boost  , and 
buck-boost power s t a g e s  a r e  summarized i n  Table I. 

Table I D e f i n i t i o n  of  t h e  elements  i n  t h e  
canonica l  c i r c u i t  model of Fig. 11 
f o r  t h e  t h r e e  common power s t a g e s  
of Fig.  7. 

It may be no ted  i n  Table I t h a t ,  f o r  t h e  buck- 
boost  power s t a g e ,  parameters  E and J have nega t ive  
s i g n s ,  namely E = - v / D ~  and J = - v / ( D ' ~ R ) .  
However, as seen  from t h e  p o l a r i t y  of t h e  i d e a l  
D':D t rans former  In Fig .  12c t h i s  s t a g e  is an 
i n v e r t i n g  one. Hence, f o r  p o s i t i v e  i n p u t  dc 
v o l t a g e  V , t h e  ou tpu t  d c  v o l t a g e  V is nega t ive  
(V < 0 )  s f n c e  V/Vg - -D/D8. Therefore E > 0, 
J > 0 and consequently t h e  p o l a r i t y  of t h e  v o l t a g e  
and c u r r e n t  d u t y - r a t i o  dependent genera tors  i s  
n o t  changed b u t  is  as shown i n  Fig.  12c. Hore- 
o v e r ,  t h i s  is  t r u e  i n  general :  r e g a r d l e s s  of 
any i n v e r s i o n  proper ty  of t h e  power s t a g e ,  t h e  
p o l a r i t y  of two genera tors  s t a y s  t h e  same a s  
In Fig. 11. 

5.3 S i g n i f i c a n c e  of t h e  Canonical C i r c u i t  Model 
and Related Genera l iza t ions  

= .  - . - - - .  - - .  
pass  f i l t e r i n g  ( represen ted  by t h e  e f f e c t i v e  low- 
pass  f i l t e r  ne tvork  H,(s)). Note a l s o  t h a t  t h e  
c u r r e n t  g e n e r a t o r  j ( s )  a i n  t h e  canonica l  c i r c u i t  
model, eyen though euperf luoue when t h e  source  
v o l t a g e  v (a) i e  i d e a l ,  i s  necessary  t o  r e f l e c t  
t h e  i n f l u k c e  of a m n i d e a l  source  g e n e r a t o r  (with 
some i n t e r n a l  impedance) o r  of an i n p u t  f i l t e r  [7 ]  

upon t h e  behaviour  of t h e  conver te r .  Its presence 
enables  one e a s i l y  t o  inc lude  t h e  l i n e a r i z e d  c i r -  
c u i t  model of a swi tch ing  conver te r  power s t a g e  i n  
o t h e r  l i n e a r  c i r c u i t s ,  aa t h e  nex t  s e c t i o n  w i l l  
i l l u s t r a t e .  

Another s i g n i f i c a n t  f e a t u r e  of  t h e  canon- 
i c a l  c i r c u i t  model i s  t h a t  any s w i t c h i n g  dc-to-dc 
conver te r  can be  reduced by use of ( 2 3 ) ,  (24). 
(27) and (28) t o  t h i s  f i x e d  topology form, a t  
l e a s t  a s  f a r  a s  i t s  input-output  and c o n t r o l  prop- 
e r t i e s  a r e  concerned. Hence t h e  p o s s i b i l i t y  
a r i s e s  f o r  use of t h i s  model t o  compare i n  an easy 
and unique way v a r i o u s  performance c h a r a c t e r i s t i c s  
of d i f f e r e n t  conver te r s .  Some examples of such 
comparisons a r e  given below. 

1. The f i l t e r  networks can b e  compared w i t h  
r e s p e c t  t o  t h e i r  e f f e c t i v e n e s s  throughout  t h e  
dynamic duty c y c l e  D range,  because i n  genera l  
t h e  e f f e c t i v e  f i l t e r  elements depend on t h e  
s teady  s t a t e  duty r a t i o  D. Thus, one has  t h e  
oppor tun i ty  t o  choose t h e  conf igura t ion  and t o  
opt imize t h e  s i z e  and weight.  

2. Bas ic  dc-to-dc conversion f a c t o r s  pl(D) and 
p2(D) can be  compared as t o  t h e i r  e f f e c t i v e  
range. For some conver te r s ,  t r a v e r s a l  of t h e  
range of duty r a t i o  D from 0 t o  1 genera tes  
any conversion r a t i o  ( a s  i n  t h e  i d e a l  buck- 
boost  c o n v e r t e r ) ,  w h i l e  i n  o t h e r s  t h e  conver- 
s i o n  r a t i o  might be  r e s t r i c t e d  ( a s  i n  t h e  
Weinberg conver te r  [ 4 ] ,  f o r  which k p - 3 ) .  

2 
3. I n  t h e  c o n t r o l  s e c t i o n  of t h e  canonica l  
model one can compare t h e  frequency dependences 
of t h e  g e n e r a t o r s  e ( s )  and j ( s )  f o r  d i f f e r e n t  
c o n v e r t e r s  and s e l e c t  t h e  c o n f i g u r a t i o n  t h a t  
b e s t  f a c i l i t a t e s  s t a b i l i z a t i o n  of a feedback 
r e g u l a t o r .  For example, i n  t h e  buck-boost con- 
v e r t e r  e ( ~ )  is  a polynomial,  c o n t a i n i n g  
a c t u a l l y  a r e a l  ze ro  i n  t h e  r i g h t  ha l f -p lane ,  
which undoubtedly causes  some s t a b i l i t y  
problems and need f o r  proper  compensation. 

4. F i n a l l y ,  t h e  canonica l  model a f f o r d s  a 
very convenient means t o  s t o r e  and f i l e  i n f o r -  
mation on var ious  dc-to-dc conver te r s  i n  a com- 
p u t e r  memory i n  a form comparable t o  Table I. 
Then, thanks t o  t h e  f i x e d  topology of  t h e  
canonica l  c i r c u i t  model, a s i n g l e  computer pro- 
gram can be  used t o  c a l c u l a t e  and p l o t  v a r i o u s  
q u a n t i t i e s  as f u n c t i o n s  of frequency ( i n p u t  and 
ou tpu t  impedance, audio s u s c e p t i b i l i t y ,  duty 
r a t i o  t o  ou tpu t  t r a n s f e r  response,  and s o  on) .  
Also, var ious  i n p u t  f i l t e r s  and /or  a d d i t i o n a l  
ou tpu t  f i l t e r  networks can e a s i l y  be added i f  
des i red .  

f u n c t i o n s  of  complex frequency s. Hence, 
g e n e r a l  both some new zeros  and p o l e s  a r e  i n t r o -  
duced i n t o  t h e  duty r a t i o  t o  o u t p u t  t r a n s f e r  
f u n c t i o n  owing t o  t h e  switching a c t i o n ,  i n  
a d d i t i o n  t o  t h e  p o l e s  and z e r o s  of t h e  e f f e c t i v e  
f i l t e r  network ( o r  l i n e  t o  ou tpu t  t r a n s f e r  fun- 
c t i o n ) .  However, i n  s p e c i a l  c a s e s ,  a s  i n  a l l  



those  shown i n  Table I, t h e  frequency dependence 
might reduce simply t o  polynomials,  and even f u r -  
t h e r  it might show up only i n  t h e  v o l t a g e  
dependent g e n e r a t o r s  ( a s  i n  t h e  boos t ,  o r  buck- 
boost)  and reduce t o  a  cons tan t  ( f  ( s )  i 1 )  
f o r  t h e  c u r r e n t  genera tor .  ~ e v e r t g e l e s s ,  t h i s  
does n o t  p revent  u s  from modifying any of t h e s e  
C i r c u i t s  i n  a  vay t h a t  would e x h i b i t  t h e  genera l  
r e s u l t  -- i n t r o d u c t i o n  of bo th  a d d i t i o n a l  ze ros  a s  
v e l l  a s  po les .  

Le t  ue now i l l u s t r a t e  t h i s  g e n e r a l  r e s u l t  on 
a climple modi f ica t ion  of  t h e  f a m i l i a r  boos t  c i r -  
c u i t ,  w i t h  a  resonant  L1,C1 c i r c u i t  i n  s e r i e s  wi th  
t h e  i n p u t  inductance L, a s  shown i n  Fig. 13. 

Fig.  13. Modified boost  c i r c u i t  a s  an i l l u s t r a t i o n  
of g e n e r a l  f requency behaviour  of t h e  
g e n e r a t o r s  i n  t h e  canonica l  c i r c u i t  model 
of Fig.  11. 

By i n t r o d u c t i o n  of t h e  canonica l  c i r c u i t  
model f o r  t h e  boos t  power s t a g e  ( f o r  t h e  c i r c u i t  
t o  t h e  r i g h t  of  c r o s s  s e c t i o n  AA') and use  of d a t a  
from Table I,  t h e  e q u i v a l e n t  averaged c i r c u i t  
model of Fig. 14a i s  ob ta ined .  Then, by appl ica -  
t i o n  of t h e  e q u i v a l e n t  c i r c u i t  t r ans format ion  a s  
o u t l i n e d  prev ious ly ,  t h e  averaged model i n  t h e  
canonica l  c i r c u i t  form i s  obtained i n  Fig.  14b. 
As  can be seen  from Fig. 14b, t h e  v o l t a g e  
generator  h a s . a  double po le  a t  t h e  resonant  f r e -  
quency U r =  1/m of t h e  p a r a l l e l  L1,C, ne t -  
work. However, t h e  e f f e c t i v e  f i l t e r  t r a k f e r  
func t ion  has  a  double z e r o  ( n u l l  i n  magnitude) a t  
P r e c i s e l y  t h e  same l o c a t i o n  such t h a t  t h e  two 

Fig. 14.  Equivalent  c i r c u i t  t r ans format ion  lead ing  
t o  t h e  c a n o n i c a l  c i r c u i t  model (b) of t h e  
c i r c u i t  i n  Fig.  13. 

p a i r s  e f f e c t i v e l y  cancel .  Hence, t h e  resonant  
n u l l  i n  t h e  magnitude response ,  w h i l e  p resen t  i n  
t h e  l i n e  v o l t a g e  t o  ou tpu t  t r a n s f e r  f u n c t i o n ,  i s  
no t  seen i n  t h e  duty r a t i o - t o  o u t p u t  t r a n s f e r  func- 
t i o n .  Therefore,  t h e  p o s i t i v e  e f f e c t  of r e j e c t i o n  
of c e r t a i n  i n p u t  f requenc ies  around t h e  resonant  
frequency w is  n o t  accompanied by a  d e t r i m e n t a l  
e f f e c t  on t g e  loop g a i n ,  which w i l l  n o t  con- 
t a i n  a  n u l l  i n  t h e  magnitude response.  

This  example demonstrates  y e t  another  impor- 
t a n t  a s p e c t  of  model l ing w i t h  use of t h e  averaging 
technique.  I n s t e a d  of app ly ing  i t  d i r e c t l y  t o  t h e  
whole c i r c u i t  i n  Fig.  13,  we have i n s t e a d  imple- 
mented i t  only with r e s p e c t  t o  t h e  s t o r a g e  element 
network which e f f e c t i v e l y  t a k e s  p a r t  i n  t h e  switch-  
i n g  a c t i o n ,  namely L, C, and R. Upon s u b s t i t u t i o n  
of t h e  switched p a r t  of t h e  network by t h e  averaged 
c i r c u i t  model, a l l  o t h e r  l i n e a r  c i r c u i t s  of t h e  
complete model a r e  r e t a i n e d  a s  they appear  i n  t h e  
o r i g i n a l  c i r c u i t  (such as L1,C1 i n  Fig. 14a) .  
Again, t h e  c u r r e n t  g e n e r a t o r  i n  Fig.  14a i s  t h e  
one which r e f l e c t s  t h e  e f f e c t  of t h e  i n p u t  resonant  
c i r c u i t .  

I n  t h e  nex t  s e c t i o n ,  t h e  same proper ty  is  
c l e a r l y  d i sp layed  f o r  a  c losed-loop r e g u l a t o r -  
conver te r  w i t h  o r  wi thout  t h e  i n p u t  f i l t e r .  

6. SWITCHING MODE REGULATOR MODELLING 

This  s e c t i o n  demonstrates  t h e  e a s e  w i t h  
which t h e  d i f f e r e n t  c o n v e r t e r  c i r c u i t  models 
developed i n  previous s e c t i o n s  can be incorpora ted  
i n t o  more complicated systems such a s  a  switching-  
mode r e g u l a t o r .  I n  a d d i t i o n ,  a  b r i e f  d i s c u s s i o n  
of model l ing of modulator s t a g e s  in genera l  i s  
inc luded ,  and a complete g e n e r a l  switching-mode 
r e g u l a t o r  c i r c u i t  model i s  given.  

A genera l  r e p r e s e n t a t i o n  .of a  switching-mode 
r e g u l a t o r  i s  shown i n  F ig .  15 .  For concre teness ,  

t h e  switching-mode conver te r  i s  represen ted  by a  
buck-boost power s t a g e ,  and t h e  input  and p o s s i b l e  
a d d i t i o n a l  output  f i l t e r  a r e  represen ted  by a 

,unrroulated nnout rrqufated output 7 

inpu t  and o u t p u t  f i l t e r s .  The b lock  
gram i s  g e n e r a l ,  and s ing le -sec t ion  

dia- 
LC 

f i l t e r s  and a  buck-boost conver te r  a r e  
shown a s  t y p i c a l  r e a l i z a t i o n s .  



single-sect ion low-pass LC conf igura t ion ,  bu t  t h e  
discussion a p p l i e s  t o  any converter  and any 
f i l t e r  conf igura t ion .  

The main d i f f i c u l t y  i n  ana lys ing  t h e  switch- 

ing r e g u l a t o r  l i e s . i n  t h e  modelling of i ts  non- 
l i n e a r  P a r t ,  t h e  switching-mode conver te r .  HOW- 

ever, we have succeeded i n  previous s e c t i o n s  i n  
obtaining t h e  small-s ignal  low-frequency c i r c u i t  
model of any "two-state" switching dc-to-dc con- 
ver te r ,  opera t ing  i n  t h e  continuous conduction 
mode, i n  t h e  Canonical C i r c u i t  form. The output  
f i l t e r  is  shown s e p a r a t e l y ,  t o  emphasize t h e  f a c t  
t h a t  i n  averaged modelling of t h e  switching-mode 
conver te r  only t h e  s to rage  elements which a r e  
a c t u a l l y  involved i n  t h e  switching a c t i o n  need 
be taken i n t o  account, thus  minimizing t h e  e f f o r t  i n  
i ts  modelling. 

The nex t  s t e p  i n  development of  t h e  regula-  
tor equivalent c i r c u i t  is t o  ob ta in  a model f o r  
t h e  modulator. This  is  e a s i l y  done by w r i t i n g  an 
expression f o r  t h e  e s s e n t i a l  func t ion  of t h e  modu- 
l a t o r ,  which is  t o  Convert an (analog) c o n t r o l  
vo l tage  Vc t o  t h e  switch duty r a t i o  D. This  ex- 
p ress ion  can be  w r i t t e n  D = V /Vm i n  which, by 
d e f i n i t i o n ,  Vm is  t h e  range oh c o n t r o l  s i g n a l  
required t o  sweep t h e  duty r a t i o  over  i ts  f u l l  
range from 0 t o  1. A smal l  v a r i a t i o n  vc super- 
imposed upon Vc t h e r e f o r e  produces a correspon- 
ding v a r i a t i o n  a = Gc/vm i n  D, which can be 
general ized t o  account f o r  a nonuniform frequency 
response as  

'm C 

i n  which fm(0) 1. Thus, the  c o n t r o l  vo l tage  t o  
duty r a t i o  small-s ignal  transmission charac te r -  
i s t i c  of the  modulator can be represented i n  gen- 
e r a l  by the  two parameters Vm and f m ( s ) ,  regard- 
l e s s  of the  d e t a i l e d  mechanism by which t h e  modu- 
l a t i o n  is  achieved. Hence, by s u b s t i t u t i o n  f o r  
a from (32) the  two genera tors  i n  t h e  canonica l  
c i r c u i t  model of t h e  switching conver te r  can be  
expressed i n  terms of t h e  a c  c o n t r o l  v o l t a g e  cc, 
sad t h e  r e s u l t i n g  model is then a l i n e a r  a c  equi-  
v a l e n t  c i r c u i t  t h a t  represen ts  t h e  small-s ignal  
t r a n s f e r  p r o p e r t i e s  of the  nonl inear  processes  
i n  t h e  modulator and converter .  

It remains simply t o  add t h e  l i n e a r  ampli- 
f i e r  and t h e  input  and output  f i l t e r s  t o  o b t a i n  
t h e  a c  equivalent  c i r c u i t  of  t h e  complete closed- 
loop r e g u l a t o r  as shown i n  Fig. 16. 

The modulator t r a n s f e r  func t ion  has been in-  
corporated i n  t h e  genera tor  des igna t ions ,  and t h e  
genera tor  symbol h a s  been changed from a c i r c l e  
t o  a square t o  emphasize t h e  f a c t  t h a t ,  i n  t h e  
closed-loop r e g u l a t o r ,  t h e  genera tors  no longer  
a r e  independent b u t  a r e  dependent on another  s i g -  
n a l  i n  t h e  same system. The connection from 
p o i n t  Y t o  the  e r r o r  a m p l i f i e r ,  v i a  t h e  re fe rence  
vo l tage  summing node, represen ts  t h e  b a s i c  v01- 
t age  feedback necessary t o  e s t a b l i s h  t h e  system 
a s  a vo l tage  regu la tor .  The dashed connection 
from Poin t  Z i n d i c a t e s  a p o e s i b l e  a d d i t i o n a l  
feedback sensing ; t h i s  second feedback s i g n a l  may 

V, + cg converter and modulator model 

E 
e,(s)= - f , ( ~ ) f ~ ( s ) ~ ~  ------- 

Vm dc ref 

Pig. 16. General small-s ignal  a c  equ iva len t  
c i r c u i t  f o r  t h e  switching-mode r e g u l a t o r  
of Fig.  15. 

be derived,  f o r  example, from t h e  i n d u c t o r  f lux ,  
induc tor  c u r r e n t ,  o r  c a p a c i t o r  c u r r e n t ,  a s  i n  
var ious  "two-loop" conf igura t ions  t h a t  a r e  i n  use 
t91. 

Once again t h e  c u r r e n t  genera tor  i n  Fig. 16 
is  respons ib le  f o r  t h e  i n t e r a c t i o n  between t h e  
switching-mode regula tor -conver te r  and t h e  input  
f i l t e r ,  thus causing performance degradat ion and/ 
o r  s t a b i l i t y  problems when an a r b i t r a r y  input  
f i l t e r  is added. The problem of how proper ly  t o  
design the i n p u t  f i l t e r  is t r e a t e d  i n  d e t a i l  i n  
(71 

As shown i n  Fig. 16 we have succeeded i n  ob- 
t a i n i n g  t h e  l i n e a r  c i r c u i t  model of  t h e  complete 
switching mode-regulator. Hence t h e  w e l l - k n m  
body of l i n e a r  feedback theory can b e  w e d  f o r  
both a n a l y s i s  and design of t h i s  type  of regula-  
t o r .  

7. CONCLUSIONS 

A genera l  method f o r  model l ing power s t a g e s  
of  any swi tch ing  dc-to-dc c o n v e r t e r  h a s  been 
developed through t h e  s ta te - space  approach. The 
fundamental s t e p  is i n  replacement of t h e  s t a t e -  
space d e s c r i p t i o n s  of t h e  two switched networks 
by t h e i r  average over t h e  s i n g l e  swi tch ing  per iod  
T, which r e s u l t s  i n  a s i n g l e  continuous s t a t e -  
space equat ion d e s c r i p t i o n  (3) des igna ted  t h e  
b a s i c  averaged s tate-space model. The e s s e n t i a l  
approximations made a r e  i n d i c a t e d  i n  t h e  Appen- 
d i c e s ,  and a r e  shown t o  be  j u s t i f i e d  f o r  any 
p r a c t i c a l  dc-to-dc swi tch ing  conver te r .  

The subsequen t p e r t u r b a t i o n  and l i n e a r i -  
z a t i o n  step under t h e  small-s ignal  aesumption 
(12) l e a d s  t o  t h e  f i n a l  s ta te - space  averaged 
model given by (13) and (14). These equa t ions  
then s e r v e  as t h e  b a s i s  f o r  development of t h e  
most important  q u a l i t a t i v e  r e s u l t  of t h i s  vork,  
the  canonical  c i r c u i t  model of  Fig.  11. Dif fe ren t  
conver te r s  a r e  represen ted  simply by a n  appropri- 
a t e  s e t  of formulas ((27) and (28)) f o r  f o u r  
elements i n  t h i s  genera l  e q u i v a l e n t  c i r c u i t .  Be- 
s i d e s  i t s  u n i f i e d  d e s c r i p t i o n ,  of  which s e v e r a l  



examples a r e  given i n  Table I, one of the  sdvan- 
tages of the  canonical  c i r c u i t  model is t h a t  
var ious performance c h a r a c t e r i s t i c s  of d i f f e r e n t  
switching conver te r s  can be  compared i n  a quick 
and easy manner. 

Although the  s ta te - space  modelling approach 
has been developed i n  t h i s  paper f o r  two-state 
switching conver te r s ,  t h e  method can be extended 
t o  mul t ip le -s ta te  conver te r s .  Examples of three-  
s t a t e  conver te r s  a r e  the  f a m i l i a r  buck, boos t ,  
and buck-boost power s t a g e s  operated i n  t h e  d l s -  
continuous conduction mode, and dc-to-ac switch- 
i n g  i n v e r t e r s  i n  which a s p e c i f i c  ou tpu t  wave- 
form i s  "assembled" from d i s c r e t e  segments a r e  
examples of m u l t i p l e - s t a t e  conver te r s .  

I n  c o n t r a s t  wi th  t h e  s ta te - space  modelling 
approach, f o r  any p a r t i c u l a r  converter  an a l t e r -  
n a t i v e  path v i a  hybrid modelling and c i r c u i t  
t ransformation could be followed, which a l s o  a r -  
r i v e s  f i r s t  a t  the  f i n a l  c i r c u i t  averaged model 
equ iva len t  of (13) and (14) and f i n a l l y ,  a f t e r  
equ iva len t  c i r c u i t  t ransformations,  again a r r i v e s  
a t  the  canonical  c i r c u i t  model. 

Regardless of t h e  d e r i v a t i o n  pa th ,  the  
canonical  c i r c u i t  model can e a s i l y  be incorpora- 
t e d  i n t o  an equiva len t  c i r c u i t  model of a com- 
p l e t e  switching r e g u l a t o r ,  a s  i l l u s t r a t e d  i n  Fig. 
16. 

Perhaps t h e  most important  consequence of 
the canonical  c i r c u i t  model d e r i v a t i o n  v i a  the  
genera l  s ta teyapace  averaged model (13). (14) ,  
(23) and (24) is  i ts  p r e d i c t i o n  through (27) of 
a d d i t i o n a l  zeros a s  w e l l  a s  po les  i n  the  duty 
r a t i o  t o  output  t r a n s f e r  func t ion .  I n  add i t ion  
frequency dependence i s  a n t i c i p a t e d  i n  the  duty 
r a t i o  dependent c u r r e n t  genera tor  of Fig. 11, 
even though f o r  p a r t i c u l a r  conver te r s  considered 
i n  Table I, i t  reduces merely t o  a constant .  
Furthermore f o r  some awitching networks vhich 
would e f f e c t i v e l y  involve  more than two s t o r a g e  
elements, h igher  o r d e r  polynomials should be  ex- 
pected i n  f l ( s )  and /or  f 2 ( s )  of Fig. 11. 

The i n s i g h t s  t h a t  have emerged from t h e  
genera l  s ta te - space  modelling approach suggest  
t h a t  t h e r e  is  a whole f i e l d  of new switching dc- 
to-dc converter  pover s t a g e s  y e t  t o  be conceived. 
This encourages a renewed search  f o r  innova t ive  
c i r c u i t  designs i n  a f i e l d  which is y e t  young, 
and promises t o  y i e l d  a s i g n i f i c a n t  number of in-  
vent ions i n  t h e  s t ream of i t s  f u l l  development. 
This progress  w i l l  n a t u r a l l y  be f u l l y  supported 
by new technologies  coming a t  an ever  i n c r e a s i n g  
pace. However, even though t h e  e f f i c i e n c y  and 
performance of c u r r e n t l y  e x i s t i n g  conver te r s  w i l l  
inc rease  through b e t t e r , ,  f a s t e r  t r a n s i s t o r s ,  more 
i d e a l  capac i to rs  (with lower e a r )  and s o  on, it 
w i l l  be p r imar i ly  t h e  r e s p o n s i b i l i t y  of the c i r -  
c u i t  des igner  and inventor  t o  p u t  these  components 
t o  b e s t  use i n  an o p t i ~ l  topology. Search f o r  
new c i r c u i t  conf igura t ions ,  and h w  b e s t  t o  use 
p resen t  and f u t u r e  technologies ,  w i l l  be  of prime 
importance i n  achieving t h e  u l t i m a t e  goa l  of near- 
i d e a l  genera l  switching dc-to-dc converters .  
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